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SUMMARY

The objective of the research work presented in this report was to evaluate existing

finite difference methods and select and apply the one most appropriate for conputing the

propagation of multiple shock waves in a two-phase rocket combustion chamber.

In order to be acceptable for the intended application, a finite difference integration

scheme must: preserve the high frequency content of the waveforms; be relatively

nondissipative and nondispersive after many wave cycles; be capable of describing a shock

wave as a sharp discontinuity; and be capable of properly treating the reflection of shock

waves from boundaries and the partial reflection and transmission ot discontinuities.

The finite difference schemes of the Split Coefficient method, the X-scheine, Rubin

and turstein, MacCormack, Lax-Wendroff, Godunov, kusanov, the Flux-Corrected- I ransport

scheme of Boris and Book, Chorin's implementation of Glimm's Method, the Hybrid scheme

of Harten and Zwas and the Artificial-Compression method of Harten were evaluated. All

of these schemes are finite difference approximations to the derivatives arising in the

conservation laws and can treat an arbitrary system of conservation laws.

As a first step in evaluating the potential of these schemes, they were utilized in the

solution of the shock tube problem for the one-dimensional Fulerian form of the ,as

dynamic conservation equations for an inviscid, non heat-conducting fluid and for the

solution of the linear wave equation problem. The final test problem was the solution of

the one-dimensional nonlinear hyperbolic equations describing finite amplitude wave and

shock propagation in a closed end tube. In addition, the ability to spectrally analyze the

comm uted results was developed. This capability simplifies the interpretation of the

coimplex waveforms and facilitates comparisons among the various finite difference

integration schemes.

Ihe results of applying several of the above mentioneo schemes to the last test case

are presented and discussed in this report. It had been concluded thaft for the present

problem, a method based upon the combination of the lax-Wendroff, Iybrid and Artificial

Compression scheme was found to be superior to the oither schemes t esteed. Ibis scheie

was incorporated into the nonlinear instability program developed by I evine and (CUlick that

described the combustion and flow inside a solid rocket motor. linally, the ahilitv of this

scheme to treat various initial disturbances in a solid rocket motor suci as a first mde

disturbance an( standing or traveling pulses, is demonstrated.
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Iiiis report presents the results ot an invest igation designed to select a sat is tact') rN

miethod for comput ing thle propagation of steep -frorited shocki ke ovaveturmis ilu a t wo)- phdsi

rocket coinbust ion clianitwer.

I act ical sol id roc kevt i i ot o r s a re f requent iy subject to ai comobust ion in stafldl it y

problem, at some po ilt in thle design cycle. When i nstdii lit ' is encountoere(i, it cail take

one oft several fornis, e.g., l inea r or nonlIinea r, longitudinal ir tangentialI. ove r thre last

twenty yea rs, considerable resources have been (rxpendeoe to unde rst and, prredlict , cout r,

anti eliominate combiust ion instability in solid rocket mtoto rs. ',ost of tri i effort has beein

dlevoted to linear instalIity problems, and as a result, such proble.ns cdii floW be treat en

iii d rationalI, cost e ffect ive wjanne r. In com opa rison, little vo rk hasi b eein accoonpl iSlien

tovsa rds the Unde rstanding andI resolut ion oit nonlinear conolousticm instability proble . is.

I bus, Mi en nonlinear in stabilities are encounte redq, the solIut ion is tOO, oftn i' ii xpensiVe

cut -and -t ry process.

L inea r instabilIity is c ha racte rized by small aip lit ude, s iruso ida! O SC illat ions tlliat

originate t ron the aimpl if icat ion of in fin ites mna! random disturbances inl the anotir chiambie'r.

'No( IIineai r iiistabrility is usually cia racterited by l arge amplitudie oscillatiuons raving

stee)- fronted, shockl ike ssavefo runs, ,unu is iniitiated by, randomrr tin ite aiipil itu(de e'veints smi(I

a s the expulsion ot an i,,niter or insulat ion t rajgmniit tlurouot.lr the rio!/ It. ."On Ii iiieai

instabilities are- irodeled using ilothr "exact' and "apptroximiato' 11ruatheiroati(aI teCliiUe.-

Inie 'exact" onuthods of ieviiie ,ind CI olic-k ,I anl thiose' of Koouker aiii linni, 2seek t,) solve'

numrircal ly the nI inea r p a rtial d itte rent iaiI cqi,1' irs go vernin) lu xith tine i nen anrd tii

dependent H osw in the counst in Oiahuailer, ,s %vl hias the ('o oril st ii respourso not thre solit

1 4
poroupellant. Ihe 'apiplrox inuiat(o"I iti't Iiod not!, I oh ni., ( out IA owv' -Iet. I. oit Iv

I1. I evilie, ". . aind Il lick, i . . I . Ni olIIncair -\riay s is oit ,()11ir! kooi kit I i 'ist 1, ),

Irnusta1) i1it V, "-\II I I cI iicaI kd <e loirt I1K- 7 4 - 4 , ( ct ohker 1 '174.

2. \(oker, 1). I. and /inn, hS. I ., "NUorrical 'odlUtunoI Oil k\ 1.1I nSt,roil ItuWs Mi 'o10n

P'ropel lant kux c Ke t 'A o t tIr so, * 11th I %'*N \1 ( omkhiist Ioun \lvet fig, \oil. 1 , 'Naval I .a.r C oulhgo',
Nesvqort, k.l., August 19)73, ( IA P'iu. 2-1 1.
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pe rt LArbat ion t k'Chfli, t" duot ha rminl it 10d IlV S IS to re~t C' the gi ivirntli dit feri-nt tal

elfualt ittls I. - iif) these iiet'iods hias certaini advantages, (i"i(iitige'', 'ii1d huiit'It iiiii.

I Ili' tM) C I ld5 , 0 f ajiproaLit' IWS upei~'i Ltdii oiier, id] v t Irt's ti divi'l, )p tmu~ itnI L rt II,'

a re Aa r ranteu.

I he ex ist ing "*exact "noI i fed r Iinstab ilIity 1) rogramis i'.5 re dnevelC e A! ' Lt seven Cd

'tgi and are n-ot capiable ot treating tie muoltiple shock steep- trittii t~p ,t 1ni.aeite

that occu r i reduILce~d anld nun11 Cinim ,,iiwe tact ical iioor. ileVVelojiuil S L', t Ien1 . 1 1w

w)Iec t I vi o I the present resed rcl is to extenadi~ n6iprove the exaIct' odl i''li'i c5

Levine, et. al., tin reference I to the lixnnt vxiere it cain bei nsd 6N fnkotr dcsighie r1  i,,s

txi(l to aI in l the e t ticilent re solIutio 101f) suLch1 niotn leair long it uai l IIII StaIt te it .

I lhe t irst phase tii this research, the result-, oft %'.ichii re rojxirten(I herein, s dIehV'tekl Lt'

improivintg the tfIinite dli ft te rcice rntkiie ricalI tteClinln 1(1e11 i tSO i to iv tS e Ilf- I hjiit bu" )V iv- r; I 1 1;

wvave p ropa~at iollIll til IWcui uISt toll c iatIibe r.

Ili order to he acceptalhle fo)r the intended applicait iii, a tin ite no terein i t(, hiwiin

must ( a) p)re serve t he h IighI-ft requet Icy coi it eiit ( 0 tfie %,,ave to I'. rf in' rei It Iv(i,

iioiidi ss ipat yec and noi in - d Is'pe r s i a I t te r ia ai iy v,'I ve c c Ii's oU hi k ,al lft ntrigA

-shock viave a s I sod rpi iiscoint il)Luit V it ihot g('ne r~it ing oershioxits Or aiidi' rsiii) it uitjl oin

c ross ifii' t he d iscont Iiiu itv a nd d ) ne) c I pot1) 1e ()t ;)I rt w' I retI lect Ion anni t rainynii in im t

aIrea. (tiSCOiiiiiiUit iVs. I t shold he 1W dntii do()Lt thadt Ill So&Vl,,g'i -1 )111 iti I(M 1t iht II

1)rn61cii , nalne r ic I ly inldu.ced lire - dlii puist - shot.k " N iggle-, no not lust I!'-I; "] it flt'

,ic it r acy (fIt te so ILution hutbt (-oulIiIo Ilso tIlISelIv t r i ge'r nril nea tI,.Ir itnst 1ihi1hit it' mci, t i,

It e -;ii!el ne to p ick a i ton piiv sic i So )fLit 11Io

I t is ye rY di t tiC UlIt ftor any s ingl f iI I iti' (I t te ri'ull i i wi t, ) ,it isi , i I (I t Iit

af o )re; evn t ioned r (!qu ireniient s slinul11tiii'ouSl\ . (,r exatl, seve-ra I arti i I i,i VI'isit

sciieiiis 0have he'ii iiivi'i pedj t) idamp p) re' - iiid j~ e )t - sIto it k t is il I Ins()I! . 1i to Mv f ,u 'it(1

aI iti Iic lIly mnt ro)Iic'f (i t t Us, 111 d I so ,sIle'a r s i nut tIll'd ii sou tt Iniiit a ond e've'nt nai I I s Si athei

high -freijuency iixthi's that aire piart tit the uhiyNsicil ib1iw tut w iiiii tin'q 11 ii,tuir. 'I, tv' r,

%mIihi art i fic ialI (diutill,;i (,,in wii cili rale Ii- fiufia n' d o)I iii flu' ,j uuIi nt ,,a in ' I ee' (, Ii

,1(, iuiti e(ne rgy tii ri( ket muntors; iini', Its, rn'sio, e' ,xuunl si'rit,iii'l iit ft' viih t'

thei r.'snits. I .((1 tit di'in use t) ill 'Irtiticiil viso(i'it\ i'u liipujir tursti, ihtuiu,i

i. I (.vi l ,im ind (IiI Ii k , p t.

ap. i djuts , I Ii'fmj j d 'out Ks ' il u ii iui h\s 1ti ( iiiil ! jfli I nihf I )it tf-ruri c's' 'I.



In IthI I- cow' iit shouldI tue p)ihite out that "lI'itk - Iitt ingl ',heluie, tfldt t tit tilt,

shock a an in)ItItcrna I WtXJI itLarv re 1 iilfljrdt iCa I t(ilrt I thi al)) tat lot), (itle to) tilt la r..t ILu.ll cr

)t illocks traveling, interacting, aiin retleCting insitli variile rs -.si, toa t a ,i m~tt..s

11n11 IA rl I t Iliite ilt te rence schimie 51t isC th IS t C Stilhmi ,I r ti' I pl,) it - I t h it t

eti~ t that a re iiuxieolei itIte r and c\pltiit t le iit hienat I(al t I c( r\ r ut t Iii .It v1)1 Il

kh1wracte ri st ic a rt imp lract ic a I bIr lr [!(:C II I hrl Atl n. ',h(ittk -(,a i ritIi, in[ I. itI

(Ii t IIe renci' scIiletne-, , I ter ;io I alrt i (tj f~ I iI vi lt ,, I, to r t I e I Iri ,siht ir, le r~ t i)e

ill\ 'neI al11 probln i ot interes t rt Iln ir t-. t IIit re uLtit i, i i c I ,mnitient % ithI tie, .t ii I it'

re.st re tin ol(u ld Iih cit 'liet i lois.

i r stt'ei v('i r , ig(t ), tCie ti sk t It iil- ' a, "a - it ik t Ili iti I I e. reel I' ,( hi .;k );

hiv ttl irt Ual IN ilmii'st51k. is theni t-\ it Ing Ilictuiod" '.nt n us

teen, i u ),I( , Ieer a cIi rI sIt I I m Ine un''.o eptcit I ati uthe renii m' rest uie I I it i A

eu- te developied. -\mnii them i re the I ILA I( tirtre t ec- Irrinpl. xrt ,iherie t .r -

aid 1,otuK, I. lriii' s 110iilel'it'ltit lol in at II elm' I mt~iit, the L s)t reli enti retd it. 'et

Keliiirt bi 2it t'uIN'ttCtiil I II tittti it irt IkkvINi, Inh t I,(l,4

a. \lr rtt W IN , '-, I' g , Anith, en )1te r1 'In t h liiLIS , I .,i. I he I d1 i t - w;. f it-fi' a rI

',IIetiu it i,)r cI I t i'r x )ItI- i v \s t I-Is It I s I ,I ! namil Ilia t io n s, 'kI' \ ta Ix r 1hi- 2ic 1titt

atit lte I 6th Ve rtis,it' v t it'tes Veet in14 , I'as~il'iia, ( I Il t( Irn ii, I ,itih r\ 14-l. '1,.

tii. 1 t,ii ictk ,I\. '* ric'tit.t Ithe 'ttc( iniItittriiattil i lete Icreni ) i tii, eIt rn I I

itt ii, I( i, Inl I hI LIId I > l1 it Ii I- t Ire I t Is ill I Ni s I , ,1

12* I at \i Ii . I '~. il(1 le. , I ti t I i t I ri li t' I t i ' I ) r\,I t \ii lu' r ivs Ii i I. l t it It A I )II 1

1 )1(, ) - 2~ i



of Vail-Leer, 15the H yb ridj Scheme o1 Ha rten and lvwas, 10and the Nrt itic ial Cotripwrss ion
17Schemie o1 H a rten. \l I ot these scheumes are tiniite ull te rerce app rox inidt inS to tire

derivatives a rising in the con se rvat ion laws and can t reat an I rh t ra ry sy stei v!1 )

conse rvat ion law~s. in addition, they are all fxed .-rid irethodIs and can autoirndt icdll

handle lute ract ions between wa ves of i d terent tami lies, I n or(Je r t o eva I uat(e the

suitability ot the a forernent ioned techniques for the present purpo~se, their aiit y to t reat

a nuionbe r c f s imrple r, but related, problems wNas examined. I he results of this inVestigatlion

are summia rized in S*-ect ion 3. I he finite di ffe ren(ce scheme j udged inmist proimisig %-.as

then incorporated into the nonlinear instability prog rain desc ribed by Levine aiud t ul ick

the results of a numnbe r of nonlinear in stability solutions are p resented to demon st rate the

efftectiveness of the new% t!chnliquej(.

1 5. Van Lee r, Ii., Iowa rds the U: I t iniat o Con se rvat yve I )i f tc rence Schr ne III,
Upst ream -C(ente re1 I n it c-I)itfe rence Scheime for I dealI Comnpre ss ible llows,' 1. ()t (Aomp.

Physics, Vol. 3, 1977, pp. 201-275.

1 (1. 1la rten, A. ana I was, (,., *Sel IAdl\( ust inrg I lyh r id Sc heme s fo r Shoc k (o(inhiuLt at ions,
o f (Jornp. Phiys ics, Vol1. 9, 19 972, p p. 508 - 51.

1 7. H a rten, A., "Ilhe Artificial Comipress ion 'dethoo foir Conmputation oif Shocks ind C ont irt

l) iscont inu it ies: Ill1, SelIf Adi tist ing IHyb rid Scheimes," A I51 1~ ecIon ic alIK ep)rt I N -77 -ti009
M, arch 1977.

1 o. Levine and (Jul ick, Op. C it.
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ILE. I f'ttL Is. I.,EI-y L I SY

2.1 SI1t(XI\ IUiBL iIOBLEM

As a first step in evaluating the various tinite difte rence schemes, they were used to

solve the shock tube problem for the one- dimensional Lulerian formn of the gas dynamicI

conservation equations for an inviscid, non-heat-conducting t luid. Ihese solutions were

used to rate the ditterence schemes based upon such criteria as resolution ot the shock

(i.e., number of mesh points needed to describe the shock discontinuity), diffusion and

smearing of the shock and tihe contact discontinuities with time, Stability, effect ot

Courant number, and computation time.

1he results of the shock tube test case demonstrated tile superiority ot the recently
19 -23 24, 2 5developed techniques over earlier methods. 4

' Btased on the previously mentioned

criteria, the best method was a combination ot three techniques. lhe basic scheme int

Lax-Werdro tt 2owas combined with a I lyd rid scherne and the Artiticial Conp ression

m ethod. 6 this methocd (LW +I, +ACM) was capable of producing very shar;) shock %aves,

without pre- or poast-shock wiggles.

2.2 LINEA WAVL I-QUAIION

l he various finite ditference ,ethods were also employed to solve a second pronbleu,

i.e., the linear wave equation. 1he results were used to evaluate the relative ditfusive anl

dispersive errors of the schemes tor harmonic standing %save p ropagation atter many wave

19. Boris, ()p. (it.

2(0. Clhorin, Op. (it.

21. Van leer, (U). (it.

22. ilarten and Iwas, (4). Cit.

23. llarten, Op. Cit.

24. MacCormack, ()p. Cit.

25. ( o(dunov, (Oi. Cit.

20. lax and ,Wendroff, ()Ip. (it.

27. flatten and /was, OpI. (.it.

2 Hl arten, )t), (it.

Ii)



cyclIes. t his problem "ads ailso used to) assess the ease ot iiple'neiitatio lo(t )Uiidarv

coni~in 10 o r t he t echIIilIuS conls ide red.

IHoe l inear wave equation solutions djernonst ratod that the manai ue ot the tlitI lsive

and dispe rsiye errors varied sign i icant ly f roin (me miethod t,) anoithe r. I he 1i I1 +,v, N1

comina~ht ioll methil tod ut~ er WC XCellent solutions to this prohle:ii, % itli little er ror evident

aftter iiiany wvave cyc les.

2.3 . W\V I tN )l'\" A I I )N I N A\ C IUSI-) I LI II

the final test leading to the selection tit a inllotd to be ut iluied in the iiovl iiwar

instability prog raim was the soljut ion ot the one -d(inens ional , nonuin ear hype rlxl ic equal tion S

d vsc r i )inIIg t i it e aiiiplI itml (KC ave and s hoc k 1) ro)pagat ion in I clo sedl end t oi. I~'

establ ishinig different initial Condit ions, it was possible to cuompare results obiltained 'Aith

the varfious techniques tor ;irohlerns ranging from almost Ilineair (small initial dist urbianices)

to highly non I iilea r (la rge d ist urbances ) Cond it ions, ove r a large nribie r ) t wave cvL. los.

In aotd it ioll, results Obtained Wvith those t ec hiniquswerto ci inf rd 1()r p rohle .is -Such as

ite ract ions ot (lit terent wave I ami lies and the ettfoct i)t chlange in grid siito and ( ourantt

flii xihor al~ln tie frequency coiitent ot the sclov no.

sorot of the results o t the laIst t est probl1em- - t initv aimpl it ode wave inl a clo sed

tube- - will he presented to ill ust rate somne ot the dittferences bet ween the tec hniqu Ies. NS

a result oh thet nime rical error assoc iated wit h tin ite ditfferenlce mnthinXIS , eachi technique

acts as a numerical fitter. [fie 'filteriig" effect (of each ()t the techniques is a differtt

tnnc t ion of f requency , mnesh si/O, et c. In o nhilCO t lie ,if i l it v to di sern those dittferenceOs,

the results of the test p robhlems we re spect rallyV aiaily /ed.

I igures 1, 2, a nd i deii ilist rate thitV et O C t I d 1'1isnoiCail tVChiniie onM t he t 1111c

evoluLt ion o f a cou s tic 1) ~re S aml I ItUde 0 t ill end ot a Cl(iSo~h tutIOV IV sOluit i~ii WC!ro

iiiit iatid withl a f irst hiarinic staindinig wave tn'rturbition having in alolilditi0 i)t 2tt ,, tt

t1he inlodi p)re ss ure. I hie numle ricalI schemes used iii t hie f igu re s we to- t lie I +I I + V ',I

mietll(ol (ig. I) the \tac(ormack schemle (I ig. 2) and t he <ohio ind m r sto' ii i

sc hemle 2 (I ig. ) I the VvoILit ion 0i p Iost - S1100k w ig gle s iiti oevr rolomis h ighe r i wri iioi i s is

evid*'ii in the- latter two camses. 'spectrail analysvs oif the resuilt s shown in I igtio ,

andit I are tpresenltedl in I igures 4, 5, andi 0 reste(:t ively.

2 9. t141bill, I . I. and( Itirsteiii I. I. 'oit tevreiim oiv ll )4 s tor t.ilt' lrlvis, it and \ i,,( ns
I quat ions ot a (ovressihle ka, Journal it ( oiqitit ionlal Ph'li( s, \owl. 2, 1 lit)" ipl.

1 7 8I - 116.
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\it t 11 t I -I1 + \i % t (i I[1Itit', thI e il t ii I ilo %i~ avdIit u rli ie (iit Il lv 4 1)sito'

s hatrp , t r ia ngtulaIr, shoi(c k - t pe wave torma I 1g. 1 1 I h i , the expected resulIt lase-d (in

the clolsell tilri ana I %t calI so ILit oil1 to this pr-)ihl ti, aci(rdig to A, rse ind I f ri rd. i

figurms 4a tot 4d present theit t mne va rnat iIoil 40t the pr se r 5pect ra I denO s ty con)tt a ied ill

each oe. I heSe g U revs in(IICadt 0 t hat higher riiodes( Up) to) the I I tht are ex( ited. i igure

4e s IioN t he t ritole Va r iIat I,1 )it t the 1( ict I I UIAt Iy VV ilsSC r spin(, t ratI ien-sityV illI(i itid I( at-; 0 tha
to) r thliI iLrIeA r icalI sc hei i ( t he re arw no e r roneo i is sh I tt s oft ,xww r ;)(et t ri I Aiviiit y tit the
higlh order ioxles. Ithe ,iciiistic energy dist rihUtIII \'in ries littl , .. ith tin-e ,)iic 4' shoc us1(

to()ri Ied (I s expected. he trairter i)t energy I rn the t rida'n'ent a Iinto) the i,;he'r uoIIXIs

re soIts t rom the phiysic al ) pr)cess o t save steeple lig I hiere is 00 physi aj~ I ;r,)(-ess t 'It

rans% ft! r ring ene ngv the other jsy,.e-, roin highe r mod(-, jno) thle liiflernital.i.

1- igore 2 Sh1ows, the ttitle iV(luLt Ion ()t t(:o)ut ic, luresr.0 wipl~ it ude at il end ft .I

cIo seo tion sheir Itt i Ii ing %! dclo )rind ck 's schle;me. \11 eVpanded vie.s )I t irIe 10)1-1t Ki

pressure aiiipl it~xl betw.een iloldiniellsjoflt t iws 'It /1 ri arid f itteel is sllomi ill I Igo re 2h).

*I he developlnkent ot the ill i t i I xost s hock ' vs i I le, 'LIthat ppe a r aIf tevr thle tir St Lcvc Ie, jot.,

e er roneou s highier iiatxies is evident. An expanded vieCS of tile iconSt ic re ss u re ,int I t ktie

)etvweni uondilnensionat timies 3)0 arnd fm ( F ig. 2c ) shI ots s thiat tile ico-usI ,t i c p)re, ssou re % ayv

t o in: I w t e ar Iier t 5 i Coilt a t d 1 1 - 12 i rnn,,xi 5c, hi tS i A ee e LC Vk I to) I

v. ave lir ciIip)seot451 ari ri Ioi )ly.hal abece ) thel h igie r ha rmnic s us

S eC t raI anitIy S i oftt ilIi S SOIUtil 0[1(shovvn 11 F i s . ')a througho -)e. l ignre 55 indik-ates til

excessively hihpercentage ot acoustic energy in the eighth and1 ninti)hal~r~nm,s. At tie

endu ()t tite test (atter 30 wavve cycles), it is shown ( I ig. '1(fi thai~t this ex\cesivel , high

pe rcentage l acou st ic energy has h)een t rarls te r red t o t l ie t itth a ndl , ixt 1) Ill rim, lni i- s.

1) flee, I s p rev iiu sly Int Ioned, the re a re 110 klnvs'ul llhy s ica I p r cesses tllat (-,In causet ,u( 11

a t rdrls it limonfi ene rgy ftrolli a h1ighe r in( xie to a lowe r inodxe, thi kldhentmienlin i S app a rently,

a re suit tit nluimericalI er rolr. F igu re -)e is another way I)t dcmil n St rat ing the Saliew spu ii bi

result. t lence, the t ire va riation iii t le aCCuIua1111,t yeIF 1 )()A pect rwmu us a r %ulIt ,I)t t ile

dispersive e r rot ot tie nmne rical IsclIeme1 vhich CausesIi pressu me s grr, a Is , Io t ravel at t he

wrong Speed.

I t(n resul ts iOlttaiiied Lit Iln the Ruilji and Ifurstein schlemie F igs i id h ire,

gene ralIly simil1ar to the resuLlt s ohita iied biy Ut hu / ng \A,i( c uurinoick'Ss( hdeiiie I igs, 2 111

At). m( iir w, 11. Si . and Imigajrd, r . V'., t hiei)irt c(alI A( itistt , \ft ra w ItI Ii Puk( )k ~ 1l

N,,ew Yo(rk, 1 9if)8.



c\ m~ipa ri Non k)t t he reskilts, indicates that thIie rst post - shock wiggl Itappe'i rs a tte r tilhe

th)i rd vsave cy c I lo.1 ) c ompa red to t hi', ti rst wave. c y( le ( witilMo dcuiniiatk ) . \1 so, the

perCeutage nI ene rgy c Cnilt aine(I inl tIiv t uiidainental Iil i s g reater , and t he v r riiiil'nU'di'

hig.h vnergx inl the higher miiiiti is" Sol l e 'W lit less wVith the Nuhiit and hLurtVei St. Iieig'. 111

this conif t o t it n, it Shold~i ile iieit limtI thIat ve ry s in i iI i r re(sl t S to t Ike )ha ile1n' Ii'

Llt IIifl, u theT Kui) anldd I U r '1!e ill sc heite vov re' obt a neid w it h1 t he Ia x - Verid r, ) t t C Il.eille.

I hek acM_( nhi1t yeV percent age It ) f [Xw r sped raf deisit cuit liffed) i t he rotspe( I lvi'

ild 1"i110i1 C s tor t he nuinmd hi i i it inlI tice ul 7 .2 to) I 4.B9 Is ',SlInv.'n inl IgurW 7 tor I ive ot

the IVMil Ile ric a ISC hetnie-s cui s ide red. I hew s upt r im r it v' () t the I 'o +I I ci toi ihit lot inn rsc, heiue i ic'e

t he st aiil~ rd sc heme.,s i s ev ident. I lk I dd it in Al i0t t he a rt it ic ia ( comip ressi, il ot in ti

cnombiinationi serves toi sha r~ln shuck transitions biy excit ing hi;gher harmnunics that .%e re' or

damnped Ii)y te adt o d it inn n t thIeV ly 1ir id schemlle. I hu s, cni ii)a ,(i t , tht e I ' and 11l\ orid

re sal t, t he I NV +I I +A A( Mt msnItt ion1 has sIi gilt ly less ene rgy inl thet t un1Ldtnen'tal fin( nim' 111d

ighltly mnore ene rgy in t he Iii gher h1a rinni Ic s .

tI i tl ea rl)ie r i net !ioos , i.e., %A ac( o riaclk lax - '4e i iri)t t , anl khn anI llWd I U r stet in

,,ere uIsed Withouit idding in art ific ial vjsci)Sity. I lie et tect ')t ill a rt i t ic i Ii visciiit1  il

tie sol)ut ion waos investigatted using I lynan' s predictor -cur rectir scheme. 1,estilt s tuti I, ii

tiiis ll(thiod with t(m) lilt te rerit art it icia I viscosity cioetti( ent s a re p) re sent ei i I igilres 'i

anrd 9. 11he addclition of dln airtific ial viscoisit y to a liiric al sc hemie vas coincei vedi a a

way to Odifip post -shiock osill Iat ions. A\rt i t ic ia I viscnsity redluces j1lost shoc~k 1),ocihat 11)1 it

thl-e expen se o t tile- igh~le r luw rilnon ic clompo~inent s if the Vwavltlirl. I iglire 8 s1how, , -5 hi

happens Mihen a Ii igi valoe oit a rt i Ii ialI viscosity is emlilyed tequ~i jiitit y ill I Iswil S

inethilh ill thiSs e the high ,irt itficial viscilsity prevents i sholck fruin ever 1llrlulig iiil

the deviat ions t ruin a pe rtect s ine waNlvi' a re iieve r ladrgev. I he ri'sui t S ) I the Sfli'(t ratI

analysis utf this solution (Figs. Bib and 8(c) shovow the ahsencu' i higlher hiarmiiioii ciiilit.

1<euLut 11ig thet a rtificial viscosity (:i)'t i iet ( =t).i, tilt' hi VeSt vaIlue it Whlio.Ali IyMan's

miethiod rena ins stable) yields a :niii s teeper wvavetiorm ( I ig. ')t ), biut one' vholse hig her

ha rmon~iic content is, still ('55 tilcll it shoiuldt he J igs. )Ih and 9mc ). \s timle pases, the

act ion1 (it tlit a rt itI ic alI Viscos,;ity clnt Ill IeS to dlampi pireereni ll', the hig Iir harmiilwlc ,

C(10irig tile Soiii to Wi l i uthier mk'i'nerat e.

Ii. y I'i1ai, 1 afw' )1, 1' )IXiiiit '111 \ciukiriti' ,ItlnxI ton t he (' I tl a it 'in tt

I inipri'ssiihu' I mid 1 i)W5," foolirt I t( li, a' liiilshed.
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As merit ioned ear rie r, art it ic ial IVSCOSitY SCheIneS MsUuld harriper tot torts to del P mm1 it

the act ual dampinug of gas phase osc illat ions in net aliLed sol id propellIants. I') illust ratt-

t he sinii I a r ityv bet ween t he effects~ ot pa rt icles and] art it ic viSCi SIt V', t he p) r-Vh IUP I

described closed end tube problein was fik(di tied Iby the addition ot 2'.,,;u(u rti( )v be t

sveigh t t l o,, ratio) of 5 riic ri ) particles. I he coinpiited results, obtained s ithI thle iku! u

and] B~ursteiin scheme, aire shown in I igU re 10i. (Inupring I igu re 10h to i ignre i e shw, that

the in itial I pst - shoc k wiggles , ig. 10(i) is an expanded vievw) dlid not dleve lop into ) ist, ret e

himnps in thle v.ave torfn. As ex~pectedi, the spectiral analysis for the part ic Im cawt did inot

sho~w the high e rrtoeous spectral Content ini the higher ha rnoic 5. WiJth I)idrt ileo, Present,

the damp ~ing Of the high -t1requency content of the wave forun is due to a ri'a I ;)1 N alI

p) rf)ce.Ss. I his is in ciont rast to) the sirmil ar, but nonphysicalI, action oh ain art if t i a I

viscosity.
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Subscripts

f f I ame

g1 gas

pi it h particle group
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